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ON THE BAUM–CONNES CONJECTURE FOR DISCRETE
QUANTUM GROUPS WITH TORSION
YUKI ARANO
Abstract. We give a decomposition of the equivariant Kasparov category
for discrete quantum group with torsions. As an outcome, we show that the
crossed product by a discrete quantum group in a certain class preserves the
UCT.
1. Introduction
In [11], Rosenberg and Schochet has introduced a property of C*-algebras called
the Universal Coefficient Theorem (UCT in short) for K-theory of C*-algebras and
has shown it for C*-algebras in the bootstrap class. The UCT gives a formula com-
puting the KK-groups only from the K-groups. This property plays an important
role in the classification of nuclear C*-algebras (e.g, [12]).
The UCT for group C*-algebras is related to (a variation of) the Baum–Connes
conjecture of groups. In [13], Tu proved that the group C*-algebra of a discrete
group with Haagerup property satisfies the UCT using the Higson–Kasparov type
argument [4] for groupoid.
The Baum–Connes conjecture for quantum groups first appeared in the series of
works of Meyer and Nest [9], [6]. Even though there is no unified method proving
the Baum–Connes conjecture for fairly general quantum groups, it is proven for
many known examples of discrete quantum groups [3], [14], [15], [16].
In this paper, we study the general theory of the Baum–Connes conjecture for
discrete quantum group with possible torsions. Among the results, we give a de-
composition of the category KKG, which gives the Baum–Connes assembly map.
As a byproduct of the general theory, we prove that the group C*-algebra of a
discrete quantum group with the Baum–Connes conjecture satisfies the UCT.
Acknowledgment. The author is grateful to Adam Skalski for drawing the au-
thor’s attention to the problem. This work is initiated in the workshop “The 6th
Workshop on Operator Algebras and their Applications” in the School of Mathe-
matics of Institute for Research in Fundamental Sciences (IPM). The author would
like to thank the organizers and IPM for their hospitality.
2. Preliminaries
2.1. Quantum groups. Let G be a compact quantum group. The left regular
representation λ : C(G)→ B(L2(G)) is the GNS representation with respect to the
Haar state ϕ. We also have the right regular representation ρ(x) = JR(x)∗J , where
J is the modular conjugation and R is the unitary antipode.
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Let
cc(Gˆ) :=
alg⊕
pi∈Irr(G)
B(Hpi).
Via the natural pairing
O(G) × cc(Gˆ)→ C,
we put a (multiplier) Hopf algebra structure on cc(Gˆ).
A left action α : A→ C(G)⊗A induces a right cc(Gˆ)-comodule algebra structure
on A:
a ⊳ x := (x ⊗ id)α(a)
for a ∈ A and x ∈ cc(Gˆ). Similarly a right action β : B → B ⊗ C(G) induces a left
cc(Gˆ)-comodule algebra structure on A:
x ⊲ b := (id⊗x)β(b)
for b ∈ B and x ∈ cc(Gˆ).
For a finite dimensional C*-algebra D and a left action α, we take a G-invariant
state ϕD = Tr(ρ·). Let (λD, L
2(D) = L2(D,ϕD),ΩD) be the GNS representation
of ϕD. Then L
2(D) also carries a ∗-representation ρD of Dop by
ρD(x
op)λD(y)ΩD = λD(yρ
1/2xρ−1/2)ΩD.
Furthermore the formula
U∗(a⊗ xΩ) = α(x)(a ⊗ Ω)
defines a unitary representation U ∈ C(G)⊗B(L2(D)).
2.2. Triangulated category. In [9], Meyer and Nest introduced a framework to
work on KK-theory in terms of triangulated categories. In this section, we review
their work, not going into the full generality of triangulated categories but only
restricting ourselves to describe in terms of equivariant KK-theory.
For each equivariant ∗-homomorphism ϕ : A → B, one can associate an exact
sequence called the mapping cone exact sequence:
0→ Cϕ
ι
−→Mϕ
ev1−−→ B → 0
where Mϕ = {(f, a) ∈ (C[0, 1] ⊗ B) ⊕ A} | f(1) = ϕ(a)} ⊃ Cϕ = {(f, a) ∈ Mϕ |
f(0) = 0}. Notice that Mϕ is homotopy equivalent to A. We may continue this
construction for ι to get another mapping cone exact sequence:
0→ Cι →Mι →Mϕ → 0.
Then Cι is actually homotopy equivalent to the suspension SB = C0(R)⊗B. Hence
in the category KKG, we get a diagram
· · · → SCϕ → SA→ B → Cϕ → A→ B
or
A
ϕ
// B
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
Cϕ
◦❆❆❆
``❆❆❆❆
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which gives the six-term exact sequence after taking the K-groups. (Here the circle
on the arrow represents the change of the degree.) The distinguished triangle is a
diagram which is KKG-equivalent to some mapping cone triangle as above.
Definition 2.1. A localizing subcategory of KKG is a full subcategory which is
closed under taking countable direct sums, suspensions and mapping cones.
Let P ,N be localizing subcategories of KKG. We say that the pair (P ,N ) is
complementary if
(1) KKG(P,N) = 0 for any P ∈ P and N ∈ N .
(2) For any A ∈ KKG, there exists a distinguished triangle
P (A) // A
}}④④
④④
④④
④④
④
N(A)
◦●●●●
cc●●●●
,
where P (A) ∈ P and N(A) ∈ N .
Remark 2.2. For arbitrary choice of P (A) and N(A) as above, the morphism
P (A) → A is universal among all morphisms P → A for P ∈ P . In fact, we
write the six-term exact sequence of KKG:
· · · → KKG(P, SN(A))→ KKG(P, P (A))→ KKG(P,A)→ KKG(P,N(A))→ . . . .
Since KKG(P, SN(A)) = KKG(P,N(A)) = 0 by (1), the map KKG(P, P (A)) →
KKG(P,A) is an isomorphism. This is what we claimed.
This in particular shows that the triangle P (A) → A → N(A) is unique up to
isomorphism.
The following result holds for more general setting, namely, when the adjoint is
only partially defined, but we only use in the following form.
Theorem 2.3. [9, Theorem 3.31] Let Fi be a countable family of functors KK
G →
KKH which preserves the distinguished triangles and assume there exists left ad-
joint functors F⊥i : KK
H → KKG, i.e. KKG(F⊥i (A), B) ≃ KK
H(A,Fi(B)). We
set P to be the smallest thick subcategory containing F⊥i (A) and N to be the full
subcategory whose object is N ∈ KKG such that Fi(N) is KK
H-contractible (which
is automatically thick). Then (P ,N ) is localizing.
In this case, an explicit construction of P (A) is given by the phantom castle
construction [9, Section 3]. We recall the construction in Section 5.
3. Crossed products
Let G be a compact quantum group. For two C*-algebras with G-actions, there is
no general way of constructing the “product” action on the tensor product. However
it is possible to construct a C*-algebra like a “crossed product” with respect to the
product action. The construction works for any locally compact quantum group
actions in an obvious manner, but we restrict ourselves to work with the compact
case.
Let A (resp. B) be a C*-algebra with a left (resp. right) G-action:
α : A→ A⊗ C(G), β : B → C(G)⊗B.
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A covariant representation of (A,B,G) on a Hilbert space H is a triple of rep-
resentations πA : A → B(H), πB : B → B(H) and a unitary representation U ∈
M(C(G)⊗K(H)) which satisfies the following.
• πA(A) and πB(B) commute.
• U∗(1⊗ πB(b))U = (id⊗πB)β(b) for any b ∈ B.
• σ(U)(πA(a)⊗ 1)σ(U)
∗ = (πA ⊗ id)α(a) for any a ∈ A.
We define a ∗-algebra A = A⋊alg G⋉alg B as follows:
• As a vector space, the vector space A is isomorphic to A⊗alg cc(Gˆ)⊗alg B.
The element in A corresponding to a ⊗ x ⊗ b is denoted by axb for a ∈
A, x ∈ cc(Gˆ), b ∈ B.
• The product is given by (axb)(a′x′b′) = a(x(1) ⊲ a
′)x(2)x
′
(1)(b ⊳ x
′
(2))b
′ for
a, a′ ∈ A, x, x′ ∈ cc(Gˆ), b, b′ ∈ B.
Let A ⋊ G ⋉ B be the universal C*-completion of A. Clearly there is a natural
one-to-one correspondence between the covariant representations of (A,B,G) and
∗-representations of A⋊G⋉B.
Notice that there exists a ∗-homomorphism
A⋊G⋉B →M((A⋊G)⊗ (G⋉B)) : axb 7→ (a⊗ 1)∆ˆ(x)(1 ⊗ b).
In particular A,B and c0(Gˆ) lies nondegenerately in the multiplier M(A⋊G⋉B).
Lemma 3.1. Let ϕA be a G-invariant state. Then ϕA induces a conditional ex-
pectation
A⋊G⋉B → G⋉B : axb 7→ ϕA(a)xb,
where a ∈ A, x ∈ cc(Gˆ), b ∈ B.
Proof. Take the GNS construction (L2(A,ϕA),Ω) for ϕA. Consider the Hilbert
G⋉B-module E = L2(A,ϕA) ⊗G⋉ B. Then A⋊G⋉ B admits a representation
on E defined by
(axb)(a′Ω⊗ x′b′) = a(x(1) ⊲ a
′)Ω⊗ x(2)x
′
(1)(b ⊳ x
′
(2))b
′
for a, a′ ∈ A, x, x′ ∈ cc(Gˆ), b, b′ ∈ B. Now the desired conditional expectation is
given by
x 7→ (Ω⊗ 1, x(Ω⊗ 1)),
hence is well-defined. 
Using this lemma, we give an easy structural result on this crossed product for
later use.
Proposition 3.2. Let D be a finite dimensional C*-algebra with a right G-action
and B be a C*-algebra with a left G-action.
(1) If B is finite dimensional, then the C*-algebra D ⋊G⋉ B is a direct sum
of matrix algebras.
(2) If B is of type I, then the C*-algebra D ⋊G⋉B is also of type I.
Proof. (1) We only need to show that any representation of D⋊G⋉B decomposes
into a direct sum of finite dimensional representations. To this end, we take a
representation π of D ⋊ G ⋉ B on a Hilbert space H and take the associated
covariant representation (πD, πB, U). Since G is compact, U decomposes into a
direct sum of finite dimensional irreducible representations: H =
⊕
iHi. Then for
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each ξ ∈ Hi, its orbit (D ⋊G⋉ B)ξ = πD(D)πB(B)Hi is finite dimensional. By a
simple maximality argument, we get the conclusion.
(2) We fix a G-invariant state ϕD on D. Since D is finite dimensional, there
exists λ > 0 such that
ϕD(d
∗d) ≥ λd∗d.
By Lemma 3.1, the map
E : Dop ⋊G⋉B → G⋉B : dopxa 7→ ϕD(d)xa
defines a conditional expectation. Then E(x∗x) ≥ λx∗x for any x ∈ Dop ⋊G⋉B.
Therefore the conditional expectation E∗∗ from (Dop ⋊G ⋉ B)∗∗ to (G ⋉ B)∗∗ is
of finite index, hence Dop ⋊G⋉B is of type I. 
Similarly for a G-equivariant Hilbert B-module E , one can define a Hilbert A⋊
G ⋉ B-module A ⋊ G ⋉ E as a corner of the linking algebra A ⋊ G ⋉ K(E ⊕ B).
More concretely, the Hilbert module A⋊G⋉E is the completion of the pre-Hilbert
module E˜0 defined as follows:
• As a vector space, the vector space E˜0 is isomorphic to A⊗alg cc(Gˆ)⊗algB.
Again the element in E˜0 corresponding to a ⊗ x ⊗ b is denoted by axb for
a ∈ A, x ∈ cc(Gˆ), b ∈ E .
• The right A⋊G⋉B-module structure is given by
(axb)(a′x′b′) = a(x(1) ⊲ a
′)x(2)x
′
(1)(b ⊳ x
′
(2))b
′
for a, a′ ∈ A, x, x′ ∈ cc(Gˆ), b ∈ E and b′ ∈ B
• The inner product is given by
(bxa, b′x′a′) = a∗x∗(b, b′)x′a′
for a, a′ ∈ A, x, x′ ∈ cc(Gˆ), b, b
′ ∈ E . Here bxa expresses an element of E˜0
by the same commutation relation as in A.
It is easy to see that K(A ⋊ G ⋉ E) is naturally isomorphic to A ⋊ G ⋉ K(E). In
particular we get the following.
Lemma 3.3. For each G-equivariant Hilbert B-module E, A⋊G⋉K(E) is Morita
equivalent to A⋊G⋉B.
Lemma 3.4. Let A be a C*-algebra with a right G-action α. For a C*-algebra B
with a left G-action β and a G-invariant ideal I ⊂ B, the sequence
0→ A⋊G⋉ I → A⋊G⋉B → A⋊G⋉ (B/I)→ 0
is exact.
Proof. Clearly the map A ⋊ G ⋉ B → A ⋊ G ⋉ (B/I) is surjective. To see the
injectivity of A⋊G⋉ I → A⋊G⋉B, take a faithful nondegenerate representation
π of A⋊G⋉I on a Hilbert spaceH . We take the associated covariant representation
(πA, πI , U). Take the unique extension of πI to B, say πB. Since
U∗(1⊗ πI(b))U = (id⊗πI)β(b)
for any b ∈ M(I), the triple (πA, πB, U) is a covariant representation. Since the
associated representation A⋊G⋉B is an extension of π, we conclude A⋊G⋉ I →
A⋊G⋉B is injective.
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It remains to prove it is exact at the middle term. Since the composition is zero,
we can induce a homomorphism
(A⋊G⋉B)/(A⋊G⋉ I)→ A⋊G⋉ (B/I).
On the other hand, the universality of the crossed product induces the inverse of
the map. Hence the homomorphism is an isomorphism. 
Proposition 3.5. Fix a C*-algebra A with a right G-action. The crossed product
gives rise to a triangulated functor on the equivariant Kasparov category
A⋊G⋉ · : KKG → KK.
Proof. This is a direct consequence of [10, Theorem 4.4]. 
4. Adjunction
Let D be a finite dimensional C*-algebra with a left G-action. The opposite
algebra Dop admits a right G-action:
αop : Dop → Dop ⊗ C(G) : xop 7→ (id⊗R) ◦ σ ◦ α(x)op.
Our goal is to show the functor Dop ⋊ G ⋉ · : KKG → KK is the right adjoint
functor of D ⊗ · : KK → KKG. This is done by constructing the counit and unit.
From now on, we fix a G-invariant state ϕD = Tr(ρ·) on D, where Tr is the
(non-normalized) trace.
4.1. Unit. We have σϕDt (a) = ρ
itaρ−it. By [2, The´ore`me 2.9], we get
(ρitaρ−it) ⊳ x = ρit(a ⊳ τˆt(x))ρ
−it.
Lemma 4.1. Let D be a finite dimensional C*-algebra with a left G-action. There
exists X ∈ Dop ⊗D ⊂ Dop ⋊G⋉D such that
(1) X is positive.
(2) aX = (ρ−1/2aρ1/2)opX and Xb = X(ρ1/2bρ−1/2)op.
(3) p0X = Xp0.
(4) (ϕopA ⊗ id)(X) = 1.
Proof. Since D is finite dimensional, we write D as a direct sum of matrix algebras
D =
⊕
pi
Mn(pi)
and fix a matrix unit (epiij) for each matrix algebras. Let
X =
∑
pi,i,j
(ρ−1/2epiijρ
−1/2)opepiji ∈ D
op ⊗D ⊂M(Dop ⋊G⋉D).
The assertions (2) and (4) follow from a straightforward computation.
For (1), recall that
∑
pi,i,j e
pi
ij ⊗ e
pi
ij ∈ D⊗D is positive. Now using the transpose
map t: D → Dop, we conclude
X = (ρ−1/2 ⊗ 1)op(t⊗ id)

∑
pi,i,j
epiij ⊗ e
pi
ij

 (ρ−1/2 ⊗ 1)op
is still positive.
For (3), we define a vector space isomorphism ι : D ⊗D → End(D) by
ι(a⊗ b)(d) = ϕD(db)a.
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This is equivariant with respect to the product action on D ⊗ D and the adjoint
action on End(D). Hence ι−1(1End(D)) =
∑
pi,i,j ρ
−1epiij ⊗ e
pi
ji is invariant under the
product action.
Now we observe
p0Xx = p0
∑
pi,i,j
(
(ρ−1/2epiijρ
−1/2) ⊳ τˆ−i/2(x(2))
)op (
epiij ⊳ x(1)
)
= p0
∑
pi,i,j
(
ρ1/2(ρ−1epiij) ⊳ x(2)ρ
−1/2
)op (
epiij ⊳ x(1)
)
= p0εˆ(x)X.
In particular p0Xp0 = p0X . Since X is self-adjoint, we get Xp0 = p0Xp0 =
p0X . 
Thanks to the lemma above, the vector space D admits a right Hilbert Dop ⋊
G⋉D-module structure defined as follows:
• The right module structure is given by d ⊳ (aopxb) = ((ρ−1/2aρ1/2d) ⊳ x)b
for a, b, d ∈ D, x ∈ cc(Gˆ).
• The Dop ⋊G⋉D-valued inner product is given by
(d, d′) = d∗Xp0d′.
We denote D equipped with the right Hilbert Dop⋊G⋉D-module structure above
by D.
4.2. Counit. Recall that we have a conditional expectation Dop⋊G⋉B → G⋉B
as in Lemma 3.1. ComposingDop⋊G⋉B → G⋉B with the natural operator-valued
weight from G⋉B to B, we get an operator-valued weight E : Dop ⋊G⋉B → B.
On Dop ⋊alg G⋉alg B, the operator-valued weight E is given by
E : Dop ⋊G⋉B → B : axb 7→ ϕopD (a)ϕˆ(x)b.
The GNS space is isomorphic to EB := L2(D)⊗ L2(G)⊗B with the GNS map
Λ: Dop ⋊alg G⋉alg B → L
2(D)⊗ L2(G) ⊗B : dopbx 7→ dΩ⊗ Λϕˆ(x) ⊗ b
for d ∈ D, x ∈ cc(Gˆ), b ∈ B. Furthermore EB carries a natural G-equivariant
D ⊗ (Dop ⋊G⋉B)-B-bimodules structure defined as follows:
• The G-action βEB on EB is given by
βEB (x) = U
∗
12V
∗
13(id⊗ id⊗β)(x).
• The left action of D ⊗ (Dop ⋊G⋉B) structure is given by
(1) D ⊗ 1 ∋ d⊗ 1 7→ λD(d)⊗ 1⊗ 1
(2) 1⊗Dop ∋ 1⊗ dop 7→ (ρD ⊗ ρ)αop(dop)⊗ 1,
(3) 1⊗ c0(Gˆ) ∋ 1⊗ x 7→ 1⊗ λˆ(x) ⊗ 1,
(4) 1⊗B ∋ 1⊗ b 7→ 1⊗ (λ⊗ id)β(b).
From this presentation, it follows that the image of D⊗ (Dop⋊G⋉B) is in K(EB).
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4.3. Adjunction.
Lemma 4.2. Let A,B,C be C*-algebras, E a right Hilbert A-module, D a Hilbert
A⊗B-C-bimodule. Then we have a natural isomorphism
(E ⊗B)⊗A⊗B F ≃ E ⊗A F .
Lemma 4.3. There exists a unitary
U : D ⊗Dop⋊G⋉D ED → D
defined by
U(d⊗Dop⋊G⋉D Λ(x)) = ρ(d ⊳ x)
for d ∈ D, x ∈ Dop ⋊G⋉D.
Proof. We only need to show that U is an isometry. This is done by a straightfor-
ward computation. We take x, x′ ∈ cc(Gˆ), aop, a′op ∈ Dop and b, b′ ∈ D. Then
(d⊗Dop⋊G⋉D Λ(xa
opb), d′ ⊗Dop⋊G⋉D Λ(x
′a′opb′)) = E(b∗(aop)∗x∗d∗Xp0d′x′a′opb′)
= E(b∗(aop)∗(d ⊳ x)∗Xp0(d′ ⊳ x′)a′opb)
= E(b∗(d ⊳ x)∗ρ1/2a∗ρ−1/2Xp0ρ−1/2a′ρ1/2(d′ ⊳ x′)b)
= (d ⊳ xaopb)ρ2(d′ ⊳ x′a′opb′).

Lemma 4.4. There exists a unitary
V : D ⊗Dop⋊G⋉D D
op
⋊G⋉ ED ≃ D
op
⋊G⋉D
defined by
V (d⊗Dop⋊G⋉D a
opxΛ(bopyc)) = (d ⊳ aopx)bopyc
Proof. Since
(d⊗ (aopxΛ(bopyc)) = 1⊗ Λ(y)(ρ1/2(d ⊳ aopxρ1/2bρ−1/2)ρ−1/2)opc
for a, b, d ∈ D, x, y ∈ cc(Gˆ) and c ∈ B, we only need to show
(1⊗ Λ(x), 1 ⊗ Λ(y)) = x∗y.
To this end, we compute
(1⊗ Λ(x), 1 ⊗ Λ(y)) = (Λ(x), Xp0Λ(y))
=
∑
pi,i,j
(Λ(x),Λ(ρ1/2epijiρ
−1/2)opySˆ−1(p0(2))(ρ
1/2epiijρ
−1/2)p0(1))
=
∑
pi,i,j
ϕD(ρ
1/2epiijρ
−1/2)ϕˆ(x∗ySˆ−1(p0(2)))p
0
(1)
= x∗y.
Here we have used the identity
p0(1)x⊗ p
0
(2) = p
0
(1)x(1) ⊗ p
0
(2)x(2)Sˆ(x(3)) = p
0
(1) ⊗ p
0
(2)Sˆ(x).

We have two functors
KK → KKG : A 7→ D ⊗A,KKG → KK : A 7→ Dop ⋊G⋉A.
ON THE BAUM–CONNES CONJECTURE FOR DISCRETE QUANTUM GROUPS WITH TORSION9
Theorem 4.5. For A ∈ KK and B ∈ KKG, we have natural isomorphisms
KKG(D ⊗A,B) ≃ KK(A,Dop ⋊G⋉B).
Proof. We construct the counit-unit adjunction. The unit is given by
ηA = [D]⊗ 1A ∈ KK(A, (D
op
⋊G⋉D)⊗A)
and the counit is given by
εB = [EB] ∈ KK
G(D ⊗ (Dop ⋊G⋉B), B).
We need to prove
εD⊗A(idD ⊗ηA) = idD⊗A, (D
op
⋊G⋉ εB)ηDop⋊G⋉B = idDop⋊G⋉B .
The first identity is due Lemma 4.3:
(D ⊗D ⊗A)⊗D⊗(Dop⋊G⋉D)⊗A (ED ⊗A) ≃ D ⊗A.
This follows from D ⊗Dop⋊G⋉D ED ≃ D. The second identity is due Lemma 4.4:
(D ⊗Dop ⋊G⋉B)⊗(Dop⋊G⋉D)⊗(Dop⋊G⋉B) (D
op
⋊G⋉ EB) ≃ D
op
⋊G⋉B.

5. Application to UCT
Recall that a G-C*-algebra is said to be cofibrant if it is of the form D ⊗ A
where D is a finite dimensional C*-algebra with a G-action α and the G-action on
D ⊗ A is given by α ⊗ id. Let Cof be the full subcategory of cofibrant objects in
KKG and let N be the full subcategory of A ∈ KKG such that Dop ⋊ G ⋉ A is
KK-contractive for any finite dimensional G-C*-algebra D.
Corollary 5.1. The subcategories (〈Cof〉,N ) are complementary, i.e., for any A ∈
KKG, there exists a unique triangle
P (A)
}}④④
④④
④④
④④
A // N(A)
◦●●●●
cc●●●●
,
where P (A) ∈ 〈Cof〉 and N(A) ∈ N .
Proof. By the help of Theorem 2.3 and Theorem 4.5, we only need to show the
isomorphism class of finite dimensional G-C*-algebra is at most countable. First
from [1], the isomorphism class of finite dimensional G-C*-algebra is in one-to-
one correspondence with the Q-system in Rep(G). There exists only countably
many objects in Rep(G) and each of them has at most finitely many structures of
Q-system by [5]. 
Let G be a compact quantum group. Recall the phantom tower construction as
follows:
For a G-C*-algebra A, define Pn, Nn ∈ KKG inductively as follows:
• Put A = N0.
• For Nn, we set Pn+1 =
⊕
D:torsionD ⊗ (D
op ⋊G⋉Nn). Then we have the
counit morphism
⊕
D εNn : Pn+1 → Nn. We embed this morphism into a
triangle Pn+1 → Nn → Nn+1 → SPn+1 to define Nn+1.
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With the construction above, we get a diagram:
P1
⑦⑦
⑦⑦
⑦⑦
⑦⑦
P2◦oo
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦oo
  ✁✁
✁✁
✁✁
✁✁
A // N1
◦❇❇❇❇
``❇❇❇❇
// N2
◦❇❇❇❇
``❇❇❇❇
//
.
Now consider the morphism A → Nn to fit in a triangle A → Nn → A˜n. The
octahedral axiom shows that A˜n also fits to a triangle
A˜n → A˜n+1 → Pn → SA˜n.(1)
We take the homotopy limit N = ho-limNn and A˜ = ho-limA˜n. Then we have a
triangle
A˜
⑧⑧
⑧⑧
⑧⑧
⑧⑧
A // N
◦❄❄❄
__❄❄❄❄
,
where A˜ ∈ 〈Cof〉 and N ∈ N .
Theorem 5.2. Let A be a G-C*-algebra such that Dop ⋊G⋉A satisfies the UCT
for any finite dimensional G-C*-algebra D. Then P (A) satisfies the UCT.
Proof. First, by induction, we show that Dop ⋊G ⋉Nn satisfies the UCT for any
n. This holds for n = 0 by assumption. Assume Dop ⋊ G ⋉ Nn satisfies the
UCT. Since Dop ⋊ G ⋉ D is a direct sum of matrix algebras, Dop ⋊ G ⋉ Pn+1 ≃
(Dop ⋊ G ⋉ D) ⊗ (Dop ⋊ G ⋉ Nn) satisfies the UCT. Hence the mapping cone
Dop ⋊G⋉Nn+1 also satisfies the UCT.
In particular, Pn satisfies the UCT. Again by induction we see that A˜n satisfies
the UCT for any n by A˜1 = P1 and the triangle (1). Passing to the homotopy limit,
we get P (A) satisfies the UCT. 
Definition 5.3. We say that the discrete quantum group Gˆ satisfies the 〈Cof〉-
Baum–Connes property if N is KK-contractible for any N ∈ N , or equivalently,
P (A)→ A is a KK-equivalence.
We say that Gˆ satisfies the 〈Cof〉-strong Baum–Connes property if N is KKG-
contractible for any N ∈ N , or equivalently, KKG = 〈Cof〉.
Remark 5.4. When G is the dual of a discrete group, then the 〈Cof〉-Baum–Connes
property is equivalent to the strong Baum–Connes conjecture in [7, Definition 9.1]
by [7, Theorem 9.3]. We do not know KKG = 〈Cof〉 even when Gˆ is a finite group.
Many discrete quantum groups actually satisfies the strong 〈Cof〉-Baum–Connes
property. In particular, it holds for compact connected groups [8], free orthogonal
quantum groups [15], free unitary quantum groups [14] and free permutation groups
[16]. It passes through the monoidal equivalence and is closed under taking free
products [14], subgroups and free wreath product [3].
Corollary 5.5. We have the following.
(1) For any torsion-free discrete quantum group Gˆ with the 〈Cof〉-Baum–Connes
property, the C*-algebra Gˆ⋉A satisfies the UCT if A does.
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(2) For any discrete quantum group Gˆ with the 〈Cof〉-Baum–Connes property,
the C*-algebra Gˆ⋉ A satisfies the UCT if A is of type I. In particular the
reduced group C*-algebra C(G) satisfies the UCT.
Proof. (1) Consider the G-C*-algebra Gˆ ⋉ A. Then the Baaj–Skandalis duality,
G ⋉ Gˆ ⋉ A ≃ K(L2(G)) ⊗ A satisfies the UCT. Now apply Theorem 5.2 to show
P (Gˆ⋉A) satisfies the UCT. By 〈Cof〉-Baum–Connes property, the C*-algebra Gˆ⋉A
also satisfies the UCT.
(2) We denote the G-C*-algebra Gˆ⋉A by B. We show Dop⋊G⋉B is of type I.
Again by the Baaj–Skandalis duality, the C*-algebra G⋉B ≃ K(L2(G))⊗A is of
type I. Hence by Proposition 3.2, Dop⋊G⋉B is of type I. In particularDop⋊G⋉B
satisfies the UCT. The rest of the proof is the same as (1). 
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